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The influence of dynamic interactions on the spin-polarized current-induced steady state oscillations has
been studied numerically for a spin torque oscillator that is composed of a free layer and a synthetic antifer-
romagnetic �SAF� pinned layer. Two types of dynamical interactions have been considered. The first is the
exchange interaction between the two layers that constitute the SAF pinned layer. The second is a mutual spin
torque interaction between the free layer and the pinned SAF layer. Taking these interactions into account, the
Landau-Lifshitz-Gilbert equation including the spin transfer torque has been solved simultaneously for all three
layers in a macrospin approach. Besides the dynamic state diagram for such a coupled spin torque oscillator,
three major results have been obtained for the dynamic excitation states: �1� the dynamic states are not in all
cases steady state periodic oscillations but can present nonperiodic trajectories reminiscent of chaos, �2� due to
the mutual spin torque interaction frequency jumps can occur which are interpreted in terms of resonance
excitations and frequency locking between the free layer and SAF magnetizations, and �3� the acoustic-type
steady state oscillations of the SAF differ from those of a single layer in that the frequency vs current
dependence of the in-plane precession modes can show both redshift as well as blueshift. This is interpreted as
a general property of the large-angle nonlinear dynamics of a SAF.

DOI: 10.1103/PhysRevB.79.104406 PACS number�s�: 72.25.Ba, 75.75.�a, 75.40.Gb, 78.20.Bh

I. INTRODUCTION

A spin-polarized electrical current can transfer spin angu-
lar momentum to a ferromagnet1,2 which can be used to con-
trol the magnetization state of a magnetoresistive device. In
particular it is possible to induce either a reversal of the
magnetization,3,4 which is of interest for magnetic memory
devices, or it can induce large-angle periodic oscillations of
the magnetization,5–7 which is of interest for tunable micro-
wave oscillator devices. Up to now the majority of experi-
ments on spin transfer driven excitations have been per-
formed on planar spin valve nanopillar or nanocontact
structures4,6–11 of the type polarizer/spacer/free layer, where
the polarizer �Pol�, i.e., the pinned layer and the free layer
�FL�, consist of a single in-plane magnetized ferromagnet.

The use in the experiments of a synthetic antiferromagnet
�SAF� �see Fig. 1�a�� instead of a single ferromagnetic
pinned layer insures a more rigid pinned layer alignment and
minimizes the dipolar stray field on the free layer. Such a
SAF consists of two in-plane magnetized ferromagnetic lay-
ers �bottom layer �BL� and top layer �TL�� that are exchange
coupled via a Ruderman-Kittel-Kasuya-Yosida �RKKY�
interaction12 across a thin nonmagnetic spacer whose thick-
ness is adjusted to produce an antiferromagnetic coupling in
zero applied field. The corresponding exchange field used in
spin valve and tunnel junction devices is usually of the order
of a few kilo-Oersteds. Up to now, only few experimental
studies on spin transfer driven excitations have been reported
for which the polarizer is a synthetic antiferromagnet.13–18

However the use of a SAF pinned layer gains more attention
since, for example, it is part of most tunnel junction devices
which are quite promising due to the enhanced output
power.15–18 Furthermore, recent experiments15,18,19 have
shown that it is possible to induce excitations not only in the

free layer but also in the pinned SAF layer under specific
conditions. Similarly, in our group narrow and intense micro-
wave emission peaks were observed in a spin valve structure
that are attributed to SAF excitations in zero or larger applied
field.20 This makes the use of SAF excitations potentially
interesting for applications. It will therefore be of importance
to understand the spin-polarized current-induced dynamics
of such a structure, which is the aim of this paper.

In contrast to most theoretical descriptions that have con-
sidered the spin-polarized current-induced free layer dynam-
ics only,21–23 here we discuss the free layer and pinned layer
dynamics simultaneously in a macrospin description and ad-
dress two specific aspects of the magnetization dynamics in-
cluding interactions: �i� the spin-polarized current-induced
excitations of an antiparallel RKKY exchange-coupled two
layer system, such as the SAF, for three different field re-
gions �antiparallel plateau, spin flop, and saturation, see Sec.
II� and �ii� the effect of dynamic interactions between the
free and pinned layers that are due to the reciprocal spin
transfer torque. The latter choice needs some justification
since in principle one also should consider dynamic dipolar
interactions between the different layers. One of the main
motivations for including only the mutual spin torque inter-
action was that such an interaction has not been considered
up to now for the asymmetric free layer–pinned layer system
that we consider here. To our knowledge there is only one
previous theoretical study that treats such a dynamic interac-
tion in the limit of a symmetric structure24 at small preces-
sion angles. In the case considered here, the first issue was
therefore to check whether mutual spin torque interaction
will affect the magnetization dynamics of the free or the
pinned layer. The presented results are thus a first numerical
verification of this important issue. Furthermore, we believe
that the obtained results can be generalized to other dynamic
interactions �such as dipolar� for which similar effects such
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as discussed in Secs. IV and V are expected; the difference
being the precise current and field ranges and coupling
strengths where such effects occur. Finally, since the SAF is
almost compensated, the dipolar interaction on the free layer
should be much reduced.

This paper is organized as follows. Section II presents
simplified analytical expressions in a macrospin description
for the stability of the static states as a function of current
and applied field. In Sec. III we describe the current-field
state diagram calculated numerically of a three layer system,
coupled via exchange interaction �TL and BL of the SAF�
and via spin transfer torque �FL and TL�. In Sec. IV we
present general aspects of the precession trajectories and in
Sec. V the frequencies of the periodic steady state precession
as a function of applied current and applied field.

II. ANALYTICAL CRITICAL BOUNDARIES

The oscillator configuration investigated here is presented
in Fig. 1�a�. It consists of a FL that is separated by a spacer
from the SAF pinned layer structure. The SAF itself consists
of two ferromagnetic layers that are called TL, for the one
that is closest to the free layer, and BL. The BL is coupled to
the TL by RKKY-exchange interaction and is also exchange
biased by an antiferromagnet �AF�.

In a first approach we will provide approximate analytical
equations for the boundary of stability under spin torque of
the FL and the SAF static states. These will be compared in
Sec. III to numerical solutions of the Landau-Lifshitz-Gilbert
�LLG� equation in a macrospin approach. While in the nu-
merical solution the stability and dynamics of all three inter-
acting layers �free layer and both SAF layers� can be inves-
tigated simultaneously, for the analytical studies we have to
distinguish two simplifying cases:

�a� only the magnetization of the top SAF layer TL is
experiencing a spin torque, while the BL and the FL magne-
tizations remain fixed with the FL playing the role of the
polarizer;

�b� only the magnetization of the FL is experiencing a
spin torque, while the SAF magnetization remains fixed,
with the TL playing the role of the polarizer.

A. Static states of the SAF

In both cases, the zero current static configurations of all
three layers need to be known. These are obtained from
minimization of the energy density that contains contribu-
tions from the external field Happ, the RKKY interaction, the
exchange bias field Hex, the uniaxial in-plane shape aniso-
tropy, and the out-of-plane demagnetization field Hd �see Ap-
pendix A�. The uniaxial easy axes as well as the applied bias
field are both directed along the in-plane X axis �see Fig.
1�a��. The RKKY-type interlayer exchange coupling between
the BL and TL of the SAF is parameterized by the bilinear
coupling constant JRKKY.12,25,26 While the FL magnetization
is always collinear with the anisotropy field and the applied
field, three zero current magnetization configurations need to
be distinguished for the magnetization of the SAF layers as a
function of applied field amplitude:25

�i� Plateau region for HSF
− �Happ�HSF

+ . The TL and BL
magnetizations are collinear with the anisotropy field. How-
ever, the RKKY-type exchange coupling is chosen such that
both layers are antiparallel to each other in zero and in low
applied fields up to the spin-flop field HSF. Due to the anti-
ferromagnetic exchange bias of the BL �set into the positive
X direction� the positive HSF

+ and negative HSF
− spin-flop

fields have different values, with �HSF
+ �� �HSF

− �. As shown in
Fig. 1�b� the corresponding in-plane equilibrium angles in
the plateau region are �TL=180° and �BL=0° for the TL and
BL, respectively, corresponding to the in-plane equilibrium
configuration noted as antiparallel stable state �APS�.

�ii� Spin-flop region �HSF
� �� �Happ�� �Hsat

� �. At the spin-flop
fields HSF

� the magnetizations of the TL and BL switch more
or less gradually away from the in-plane easy axis and away
from the antiparallel alignment, with both layers rotating to-
ward the applied field direction upon increasing bias field. In
Fig. 1�b� we label the corresponding in-plane configuration
as SFS �for spin-flop stable state�. The corresponding static
equilibrium angles with �TL�180° and �BL�0° are calcu-
lated numerically and are given in Fig. 1�b� for a slightly
uncompensated SAF �i.e., the product of MSd is almost the
same with d the film thickness�. As a consequence, when
increasing the field toward positive saturation, the TL mag-
netization switches from �TL=180° to �TL=0° passing
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FIG. 1. �Color online� �a� Schematics of the planar oscillator
configuration and the X-Y-Z coordinate system. Throughout the pa-
per the blue/red/green colors are used to indicate the BL/TL/FL
properties, respectively. �b� In-plane angles �TL �red� and �BL

�blue� between the X axis and the TL and BL magnetizations as a
function of applied field. PS, APS, and SFS abbreviations relate,
correspondingly, to the parallel, antiparallel, and spin-flop regions
stable states. �c� Ferromagnetic resonance frequencies of the SAF
structure vs applied field �solid line: acoustic mode, dashed line:
optic mode�. The corresponding TL and BL parameters used in
plots �b� and �c� are summarized in Table I and JRKKY=
−1 mJ /m2.
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through 90°. In contrast, when increasing the field amplitude
toward negative saturation, it is the BL that rotates from
�BL=0° to �BL=180° while the TL magnetization first ro-
tates away but then comes back to 180° without passing
through 90°. This asymmetry of the TL rotation in positive
and negative fields has an important consequence for the
symmetry of the stability diagram as discussed in Sec. II D.

�iii� Saturation region �Happ�� �Hsat
� �. For field values that

are larger than the saturation field Hsat
� , the magnetizations of

the TL and BL align parallel to the applied field. We label the
corresponding in-plane configuration as PS in Fig. 1�b� �for
parallel stable state�, with �TL=�BL=180° for negative field
and �TL=�BL=0° for positive field.

The analytical expressions of the spin-flop fields and the
saturation fields are given in Appendix A, as calculated from
the minimization of the energy density. It is noted that in this
paper we describe a SAF structure for which we have �HSF

� �
� �Hsat

� � as a result of the relatively strong RKKY-exchange
energy of JRKKY=−1 mJ /m2 which has been chosen to be
close to the experimental values.20

B. Critical currents for the SAF for Happ�0

The critical currents for which the static states of the TL
�case a� or the FL �case b� become unstable are summarized
in Fig. 2. They are derived upon linearization of the LLG
equation enhanced by the Slonczewski spin torque term
�called LLGS in the following� around the static equilibrium
positions of the TL or the FL magnetization,
respectively.1,23,27,28 Here, the LLGS equation is given by

�m

�t
= − �m � Heff + �m �

�m

�t
+ STT,

with STT = �jappG�	,
�m � �m � p� , �1�

where m is the normalized magnetization vector m=M /MS
of the TL or FL, respectively, MS is the corresponding satu-
ration magnetization, � is the corresponding gyromagnetic
ratio, � is the corresponding Gilbert damping constant, japp is
the applied current, and p is the spin-polarization unit vector.
The prefactor

G�	,
� =
��− 4 + 0.25	−3/2�1 + 	�3�3 + cos 
��−1

2e�0MSd
�2�

depends on the electron charge e, the layer thickness d, the
angle 
 between the magnetization unit vector m and the
spin-polarization unit vector p, and the spin torque efficiency
	.

We start with the stability analysis of the SAF-TL �case
a�, for which we assume that the spacer between the TL and
BL reduces considerably the spin polarization. Consequently
the BL is not subjected to a spin torque and its magnetization
be can supposed to be fixed along its equilibrium in-plane
position, shown in Fig. 1�b�. In this approximation the insta-
bility of the in-plane state of the TL determines the critical
currents of the whole SAF structure. For this case the effec-
tive field Heff in Eq. �1� includes an in-plane anisotropy field
Han, an out-of-plane demagnetizing field Hd, and the RKKY-

type coupling field HRKKY �see Appendix A�.
For simplicity in the following analytical calculations we

discuss the range of positive applied field and the case of
parallel alignment of the FL magnetization with the X axis.
The calculation for negative applied field and opposite FL
orientation may be carried out in a similar manner. In our
configuration positive current corresponds to electrons flow-
ing from the SAF to the FL �Fig. 1�a��. Furthermore, in this
analytical description we do not take the angular dependence
of G�	 ,
� into account, which is therefore constant, i.e.,
G�	 ,
�=G=const.

FIG. 2. �Color online� Critical currents vs applied field calcu-
lated analytically using Eqs. �3�–�8�. �a� The case of an uncompen-
sated SAF structure. The parameters for the BL/TL/FL layers are
MS �kA/m� 1600/1340/1070, K �J /m3� 8000/6700/5350, d �nm� 2.5/
3/3, Hex=40 kA /m, and �Nx ,Ny ,Nz� �0.045,0.053,0.901�/
�0.051,0.06,0.887�/�0.051,0.06,0.887�. The critical fields are
Hsat

+ =358 kA /m, HSF
+ =112 kA /m, HSF

– =−154 kA /m, and Hsat
–

=−398 kA /m. �b� The case of a compensated SAF structure with
MS �kA/m� 1600/1600/1070, K �J /m3� 8000/8000/5350, d �nm�
3/3/3, and �Nx ,Ny ,Nz� �0.045,0.053,0.901�/�0.045,0.053,0.901�/
�0.051,0.06,0.887�. The exchange bias is zero in case �b�. In cases
�a� and �b� the RKKY coupling constant is JRKKY=−1 mJ /m2, the
spin torque coefficient is G=1 and �=0.02. The arrows indicate the
FL �green�, TL �red�, and BL �blue� magnetization alignment in the
respective field regions �cf. Fig. 1�a��. The red �green� lines indicate
the critical current for which the SAF �FL� static states become
unstable.
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The linearization of LLGS for the TL magnetization dy-
namics is carried out in the local coordinate system
�X� ,Y� ,Z�=Z� which is obtained upon rotation by �TL of the
�X ,Y ,Z� coordinate system around the Z axis, so that the X�
axis coincides with the static equilibrium position of the TL
�see Fig. 1�a��. Projecting the LLGS equation onto the three
axis X�, Y�, and Z�, we obtain linearized equations for the
local transverse magnetization components my� and mz�. De-
tails are given in Appendix B. The general solutions for my�
and mz� are of the form A exp�k1t�+B exp�k2t�. The condition
of instability of the given magnetic configuration is obtained
from the change of sign of the real part of the eigenvalues k1
and k2. Here a positive sign means that the amplitude of
motion of m increases in time which corresponds to instabil-
ity of the initial configuration.

For positive applied fields Happ�0 we obtain the follow-
ing expressions for the critical currents for the three field
regions:

Saturation region �iii�. In the saturation region, the TL
and FL are parallel. The critical current above which the
static state becomes unstable is given by

jsat
SAF =

�

G
�Happ + Han +

Hd

2
− HRKKY� . �3�

The corresponding critical current jsat
SAF for a compensated

SAF is indicated in Fig. 2�a� by the red line �SAF unstable�
in region �iii�. It is similar to the usual planar configuration
in the parallel state, reflecting the similar initial parallel con-
figuration. The difference being that here the RKKY-
exchange field reduces the critical current since it counteracts
the applied field.

Plateau region �i�. In the plateau region the TL and FL are
antiparallel. The critical current below which the static state
becomes unstable is given by

jplateau
SAF = −

�

G
�− Happ + Han +

Hd

2
+ HRKKY� . �4�

The corresponding critical line jplateau
SAF is shown in Fig.

2�a� by the red line �SAF unstable� in region �i� and is simi-
lar to the usual planar configuration in the antiparallel state,
including an additional RKKY-exchange field term. As com-
pared to the saturation region, instability occurs at the oppo-
site sign of the current. Note that this relation is valid also in
negative field on the whole plateau for HSF

− �Happ�HSF
+ , as

long as the FL orientation does not switch.
Spin-flop region �ii�. In the spin-flop region the TL and

BL make a finite angle with respect to each other that de-
creases from 180° to zero upon increasing field �see Fig.
1�a��. Due to the TL rotation the spin-polarization vector is
here given by p= �cos �TL, sin �TL,0�. As a consequence, the
corresponding critical line is different from the collinear con-
figuration and as a new result we obtain the critical current
above which the static state becomes unstable as

jSF
SAF =

�

G cos �TL
��Happ + Han�cos �TL

+
Hd

2
− HRKKY cos��TL + �BL�� . �5�

The corresponding critical line jSF
SAF is shown in Fig. 2�a�

by the red line �SAF unstable� in region �ii�. It joins the
critical line jsat

SAF at the saturation field Hsat and has thus the
same sign as jsat

SAF but opposite sign than jplateau
SAF . This change

in sign at the positive spin-flop field is due to the switching
of the TL magnetization from antiparallel to parallel to the
FL magnetization �cf. Fig. 1�b��. Note that in Eq. �5�, the
RKKY-exchange field term is scaled by the cosine of the
angle between the TL and BL magnetizations, which is maxi-
mal when the TL and BL are parallel. Furthermore, the
cos �TL term in the denominator leads to a divergence of the
critical current when the TL magnetization rotates perpen-
dicular to the X axis �i.e., to the FL magnetization� at the
spin-flop field. As a whole this results in a hyperbolical de-
pendence of the critical current on Happ. In order to better
illustrate this we will give the expression for a fully compen-
sated SAF with identical parameters for the TL and BL so
that here �TL=�BL. Their cosine is then proportional to the
applied field, with

cos �TL = cos �BL =
Happ

2HRKKY − Han
.

With this the analytical expression for the critical line
transforms into

jSF
SAF =

�

G
�− a Happ + b +

c

Happ
� . �6�

The coefficients a, b, and c are given in Appendix C. The last
and main term in this expression is inversely proportional to
the applied field that leads to the hyperbolic dependence of
the critical current as a function of field. Note that in case of
a fully compensated SAF the divergence of the critical cur-
rent occurs at zero applied field. However since �HSF� is al-
ways larger than zero due to the anisotropy field we do not
observe this divergence for a fully compensated SAF struc-
ture. In this case the critical current takes important but finite
values close to spin-flop field �see Fig. 2�b��.

C. Critical currents for the FL for Happ�0

We will now consider case �b� for which the TL of the
SAF stays fixed and plays the role of the polarizer for the FL.
As in Sec. II B for simplicity we discuss the range of positive
applied field and the case of parallel alignment of the FL
magnetization with the positive X axis in absence of applied
current. Similarly, we will have to distinguish three field re-
gions due to the reorientation of the TL magnetization �i.e.,
the polarizer orientation� as a function of field �see Fig. 1�b��.
By reiterating the stability analysis for the FL we obtain the
corresponding critical currents for the plateau �i�, saturation
�iii�, and spin flop �ii� regions in positive fields as

jplateau
FL =

�

G
�Happ + Han +

Hd

2
� , �7�

jsat
FL =

− �

G
�Happ + Han +

Hd

2
� , �8�
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jSF
FL =

− �

G cos �TL
�Happ + Han +

Hd

2
� . �9�

These relations can be derived from the corresponding
ones of the SAF-TL by

�1� dropping the RKKY-exchange field term,
�2� interchanging the sign of the current for each field

region,
�3� in the case of the plateau region changing also the sign

of the applied field,
�4� in the case of the spin-flop region dropping the multi-

plicative cos term before �Happ+Han�, since the free layer
remains parallel to its easy axis, and

�5� using the corresponding material parameters for G, �,
Han, and Hd.

The change of sign of Happ in the plateau region is due to
the fact that in the case of the TL, the applied field counter-
acts the RKKY interaction, “softening” the internal field and
thus destabilizing the TL orientation, while in the FL case the
applied field stabilizes the FL orientation.

As in the TL case, at the spin-flop field the critical current
diverges when �TL=90°. The instability lines obtained for
the FL are summarized in the current-field diagram in Fig.
2�a� by the green lines �FL unstable�.

D. Critical currents for the SAF and the FL for Happ�0

The calculations for the critical currents of negative ap-
plied fields and opposite FL direction are done in a similar
manner. In the saturation and spin-flop regions the expres-
sions of the critical currents are obtained by replacing Happ
→−Happ in Eqs. �3� and �5� for the SAF and in Eqs. �8� and
�9� for the FL. In these two cases, the sign of the critical
current does not change. In the plateau region, Eq. �4� for the
SAF is valid in the whole range of the plateau for both posi-
tive and negative fields. However, one has to consider that
when the FL orientation switches, the expression in Eq. �4�
and with this the critical currents change sign. In the case of
the FL in the plateau region, one has to change the overall
sign in Eq. �7� as well as the sign of Happ when the FL
switches. Consequently, in negative field all three critical
currents are positive for the SAF and negative for the FL.

The full diagram for positive and negative current and
field is shown in Fig. 2�a�, for the case of a slightly uncom-
pensated SAF structure, for which the product MSd of the TL
and BL are different �see figure caption of Fig. 1�a��. For
simplicity the FL switching is taken to occur at zero applied
field and without hysteresis. As can be seen the diagram is
not symmetric as a function of field in the spin-flop region.
In positive field there is a divergence while in negative field,
the divergence is absent. This is due to the asymmetric rota-
tion of the TL for positive and negative fields, as discussed
above in Sec. II A and shown in Fig. 1�b�. In positive current
�TL passes through 90° and the critical current diverges,
while in negative current, �TL does not pass through 90° and
no divergence occurs. Note also that this asymmetry vs field
can be reversed when choosing material parameters or an AF
exchange bias such that in positive �negative� applied fields
the BL �TL� reverses and not the TL �BL� as in the case of

Fig. 2�a�. Finally, in the case of a compensated structure, �TL
passes through 90° in both positive and negative fields and as
a result the diagram is symmetric with respect to the applied
field for �Happ�� �HSF�, see Fig. 2�b�.

It should also be pointed out here that the angular depen-
dence of G has been neglected, so that in Fig. 2 there is no
asymmetry for positive and negative currents �compare for
instance the positive and negative critical currents of the FL
in the plateau region�.

As will be shown in Sec. III, these analytical calculations
are a very good first approximation to obtain qualitatively the
critical lines for a spin torque oscillator structure with a
pinned SAF layer. However in order to investigate the nature
and properties of the dynamics for currents above the thresh-
old current, one needs to solve numerically the LLGS equa-
tion.

III. NUMERICAL CURRENT-FIELD DIAGRAM

A. Simulation details

In the numerical studies we have solved the LLGS equa-
tion Eq. �1� for the magnetizations of all three layers FL, TL,
and BL simultaneously upon taking the following interac-
tions into account. The BL is coupled via exchange bias to an
antiferromagnet which is set into the positive X direction.
For the coupling between the BL and TL an RKKY-type
exchange interaction has been considered. The FL and TL
are coupled via a mutual spin torque effect. This means that
the instantaneous magnetization of the FL defines the polar-
izer direction for the TL and vice versa. Furthermore, the
spin-polarization efficiencies 	 of Eq. �2� were chosen to be
equal with 	FL→TL=	TL→FL=0.3. As in the analytical discus-
sion, the BL does not experience any spin torque. The de-
magnetizing field of all three layers has three components
Hd=MS�mxNx ,myNy ,mzNz�, where Ni are the demagnetizing
factors due to the shape anisotropy of the considered layer
calculated for rectangular nanopillars of 60�70 nm2. The
material parameters of all three layers used in the simulations
are summarized in Table I. It is noted that although the TL
and BL layer have different material parameters, the SAF
structure is almost compensated �i.e., the product MSd is al-
most the same for both layers�.

The macrospin solver for the three coupled LLGS equa-
tions is based on a predictor-corrector Heun scheme29 using a
time step of 1 fs. The applied field and injected current were
modeled by step functions with a rise time of 2 ns. The total
integration time varied from 100 up to 1000 ns according to
the convergence speed of the solution for the three coupled
layers toward the static or dynamic equilibrium state. Note
that in contrast, a single layer LLGS solution converges to its
equilibrium much faster in around 10–20 ns.

B. State diagram for a coupled system

The numerically calculated current-field diagram is shown
in Fig. 3�a� for the material parameters given in Table I. The
static and dynamic states are indicated by the dark and light
gray regions, respectively. Here the field was swept at steps
of 10 kA/m starting at zero field �FL and TL are antiparallel�
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and at a constant current-density value that was increased by
0.2�1012 A /m2 for each field sweep. Comparison between
Figs. 2�a� and 3�a� shows that the analytical approximate
current-field diagram is in good qualitative agreement with
the diagram calculated numerically for the three field re-
gions. Here the spin-flop and saturation fields are indicated
by the white horizontal dotted lines in Fig. 3�a�. It is noted
that for current amplitudes smaller than the critical current
the spin-flop field and the saturation field under spin torque
are not changed as compared to the zero current values. The
quantitative differences between Figs. 2�a� and 3�a� are at-

tributed to the fact that in the analytical calculations we have
made the following simplifications. First, the instability con-
ditions are investigated separately for the TL or FL without
any coupling to the other layers. Second, in the spin-flop
region a small out-of-plane component of TL or FL magne-
tization has been neglected �see Appendix B�. Third, no an-
gular dependence of the spin torque coefficients G has been
considered in the analytical calculations. The more important
differences in positive current and negative field range will
be commented on in Sec. IV.

As a final point it is noted that in the diagram of Fig. 3�a�
the boundaries of the light and dark gray regions separate
static stable states from dynamic excitation states. These dy-
namic excitations of the coupled system can be either peri-
odic steady state in-plane or out-of-plane oscillations or non-
periodic oscillations. These different dynamic states
introduce further boundaries in the state diagram and will be
addressed in the following sections where they will be com-
pared to the dynamics of the uncoupled planar oscillator
where only one layer is excited.

IV. PRECESSION TRAJECTORIES

A. Classification of stable trajectories

The numerical simulations reveal simultaneous excita-
tions of the magnetization of all three layers for all field
regions as well as for positive and negative currents. How-
ever the difference in amplitudes allows us to distinguish the
current and field regions for dominant FL or SAF dynamics.
These regions are indicated, respectively, by the green �FL�
and red �SAF� lines in Fig. 3�a� and compare to the corre-
sponding regions of the analytical diagram in Fig. 2�a�.

TABLE I. Parameters used in the numerical simulations. Here
MS is the saturation magnetization, K is a uniaxial magnetocrystal-
line anisotropy constant, d is the film thickness, Nx, Ny, and Nz are
demagnetization factors, � is the damping constant, and Hex is the
exchange bias field that acts on the BL. The structure considered is
almost compensated, i.e., the product MSd for the TL and BL are
close with �MSd�TL=4020 �A and �MSd�BL=4000 �A.

BL TL FL

Ms �kA/m� 1600 1340 1070

K �J /m3� 8000 6700 5350

d �nm� 2.5 3.0 3.0

Nx 0.045 0.051 0.051

Ny 0.053 0.060 0.060

Nz 0.901 0.887 0.887

� 0.02 0.02 0.02

Hex �kA/m� 40 0 0

	 0 0.3 0.3

(a) (b) (c)

(i) (ii) (iii) (iv)

(v) (vi) (vii) (viii)

plateau
Happ>0

spin flop
Happ>0

spin flop
Happ<0

plateau
Happ<0

SA
F

FL

AP
Happ

jappP/A
P

P/A
P

P

Han
precession

precession

AP
Happ

jappP/A
P

P/A
P

P

Han
precession

precession

FIG. 3. �Color online� �a� Numerical current-field diagram. The layers’ parameters used in the numerical simulations are summarized in
Table I. The critical-field values calculated in the absence of an applied current are Hsat

+ =358 kA /m, HSF
+ =112 kA /m, HSF

– =−154 kA /m,
and Hsat

– =−398 kA /m. �b� Schematical current-field diagram for an uncoupled spin torque oscillator with excitations in the FL only. Positive
current corresponds to an electron flow from the polarizer �red arrow� to the free layer �green arrow�. The black dashed and dotted lines as
well as the green solid lines correspond qualitatively to those of the numerical diagram. �c� Typical trajectories plotted for several values of
applied current and field corresponding to points �i�–�viii� in the diagram of �a� as indicated by the triangles. The blue/red/green colored
trajectories correspond to the BL/TL/FL dynamics, respectively. Here Happ �kA/m� and japp �1012 A /m2� are �i� 20, −1.8, �ii� 280, 3.4, �iii�
−20, −1.6, �iv� −150, 3.8, �v� 50, 1, �vi� 200, −2.4, �vii� −30, −1.6, and �viii� −190, −1.6.
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For negative current and positive fields in the plateau re-
gion, as well as in positive current for positive fields above
the spin-flop field, the SAF dominates the dynamics, with the
oscillation amplitude of the FL magnetization being negligi-
bly small in comparison to the SAF’s amplitudes. Trajecto-
ries of these two regions are depicted in Fig. 3�c� �i� and Fig.
3�c� �ii�, respectively, where it can be seen that the TL and
BL perform large-angle coupled oscillations around their re-
spective static equilibria. The corresponding clamshell-type
trajectories are generally classified as in-plane precession
�IPP�.6,21–23 It is noted that the excitations of the BL magne-
tization are not caused directly by the spin torque but are
stimulated via the RKKY-exchange coupling to the oscillat-
ing TL. Furthermore it should be noted that even though the
SAF is statically more rigid against field perturbation due to
the strong RKKY coupling, it can be seen from Fig. 3�a� that
the critical current required to induce stable periodic excita-
tions might not be too different for the FL and the SAF.
Thus, strong RKKY coupling strength does not mean ab-
sence of excitations. However with increasing RKKY cou-
pling, the critical current increases �see Eq. �4�� and the pre-
cession amplitude reduces decreasing in the experiment the
output signal.

For the opposite current sign of the plateau and spin-flop
region, it is the FL magnetization amplitude which is much
larger than the oscillation amplitudes of the SAF magnetiza-
tion. The corresponding trajectories are depicted in Fig. 3�c�
�v� and Fig. 3�c� �vi�, where it can be seen that the FL mag-
netization performs IPP oscillations around its static equilib-
rium �along the positive X axis�.

Finally, in negative current and for negative fields in the
plateau region �−Han�Happ�HSF

+ �, it is the SAF that domi-
nates at low-field values as shown in Fig. 3�c� �iii�. It should
be emphasized that this means in particular that in contrast to
the FL dynamics, stable oscillations of the SAF’s magnetiza-
tion can be obtained in zero applied field, a point of interest
for applications. However, when the field amplitude is larger
than the FL anisotropy field Happ�−Han �dashed black line
in Fig. 3�a��, the FL orientation switches and now the FL
amplitude is larger �see Fig. 3�c� �vii��. Here it is of interest
to note that the static FL switching field at Happ=−Han ex-
tends into the dynamic region, separating sharply the FL and
SAF dynamics.

B. Comparison to the uncoupled dynamics

With this the dynamics of the spin torque coupled FL-
SAF system seems to be quite similar to the uncoupled case.
Here uncoupled means that the spin torque is acting on the
FL or the TL only, while in the coupled case the spin torque
acts on the FL and TL simultaneously. For comparison a
schematic current-field diagram of the uncoupled FL dynam-
ics is shown in Fig. 3�b�, where there is clear correspondence
for the dynamics in negative current and negative field
��Happ��Han� for all three field regions of the SAF due to the
dominant parallel alignment between the TL and the FL. The
excitation region in positive field is split into excitations at
positive current in the plateau region �antiparallel, AP, align-
ment between TL and FL� and excitations in negative current

above the spin-flop field �parallel, P, alignment between TL
and FL�. Further correspondence exists in the plateau region
for the dominant FL dynamics of the coupled system, where
there is a clear transition from in-plane to out-of-plane �OPP�
periodic oscillations.6,21–23 The corresponding boundary is
given in Fig. 3�a� by the solid black line. In contrast, for the
SAF dynamics in the plateau region, no clear transition to
OPP periodic oscillations could be established for the current
values presented in the diagram due to the occurrence of
unstable trajectories �see Sec. IV C�.

C. Unstable trajectories and period-doubling bifurcation

1. Unstable trajectories

From the comparison presented in Sec. IV B one might
conclude that the magnetization dynamics as well as the
current-field diagram of the coupled system correspond more
or less to those expected for the uncoupled case. However,
there are some important consequences that result from the
spin torque coupling between the FL and the SAF and the
RKKY coupling within the SAF. Namely, well-defined peri-
odic oscillations, such as shown in Fig. 3�c�, are only ob-
tained relatively close to the critical current, i.e., for current
values and thus oscillation amplitudes that are not too large.
For increasing current, but also for increasing field, it was
difficult to establish periodic excitations even for relatively
long integration times of 1000 ns. These nonperiodic solu-
tions are furthermore independent of the time step used for
integration, so we conclude that these nonperiodic solutions
do not result from an instability of the integration scheme
used. We rather attribute them to the magnetization dynamics
of a nonlinear coupled system that can develop chaotic dy-
namics when there are more than two degrees of
freedom.30–32

2. Period doubling

For the SAF dynamics in the spin-flop region �positive
current and positive field�, it was possible to follow a period-
doubling route from fully periodic trajectories to nonperiodic
trajectories as a function of increasing current amplitude.
This is shown in Fig. 4 for a value of Happ=250 kA /m.
Following the suggestion of Ref. 32 to characterize such pe-
riod doubling, we have plotted for a given time series the
minimum values of the mx component of the TL as a function
of increasing current. For a purely one-period trajectory only
one value exists, while for a double period oscillation, there
are two well-defined minimum mx values, etc. As seen in Fig.
4, there is clear period doubling when increasing the current
from 3.0 to 4.2�1012 A /m2. Above 4.2�1012 A /m2 fur-
ther period doubling occurs over very short current steps that
are difficult to follow in the simulation.

3. State diagram

In the diagram of Fig. 3�a�, the red hatched area in the
spin-flop region �positive current� indicates qualitatively
where period doubling to nonperiodic oscillations has been
observed for the SAF. Such period doubling is reminiscent of
a transition to chaotic dynamics. However, in order to estab-
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lish whether the observed unstable nonperiodic trajectories
are indeed chaotic, more detailed analyses are required to
establish, for example, the Lyapunov exponent, exact Point-
caré maps, sensitivity to initial conditions, and possible at-
tractor trajectories.30–32 This is beyond the scope of this pa-
per. We therefore content ourselves to indicate in the diagram
of Fig. 3�a� by the gray hatched areas the field and current
ranges where nonperiodic oscillations have been observed
for the SAF and FL dominated dynamics. The boundaries
should not be taken too literally and are only indicative.
More detailed studies show that they can be rather ragged
and zig-zag-like. In many cases, the transition to the nonpe-
riodic oscillations cannot be followed as nicely as in Fig.
3�d�, since here the current range of the transition is rather
small. It is thus also not clear yet whether the same period-
doubling bifurcation route is followed in all cases. This con-
cerns in particular the SAF dominated dynamics in negative
field and positive current �see Figs. 3�a� and 3�c��iv��, which
did not reveal a pronounced range of periodic oscillations
and has therefore not been studied in further detail in this
paper. The predominance of nonperiodic oscillations might
be indirectly the reason why the critical boundaries in this
region deviate most strongly from the simple analytical so-
lutions, compare Fig. 2.

4. Dependence of unstable trajectories on the coupling

Two more points need to be mentioned here. The period-
doubling route to unstable oscillations in the case of the SAF
dynamics in the spin-flop region �see Fig. 4� is mainly due to
the RKKY coupling between the TL and the BL and not due
to the spin transfer coupling to the free layer. The same tran-
sition to nonperiodic dynamics is obtained for the SAF when
setting the spin torque on the FL to zero �i.e., spin torque is
only acting on the SAF and not on the FL�. This shifts
slightly the boundaries but does not eliminate the nonperi-
odic trajectories. An important question to address here in
future studies will be the exact role of the RKKY coupling
strength on the presence of unstable trajectories.

In contrast to this, the nonperiodic oscillations of the FL
are a direct consequence of the spin torque coupling to the
SAF. Since for these nonperiodic oscillations also the SAF
amplitudes can be relatively large �see Figs. 5�a� and 5�b��, it
is not clear whether the transition to nonperiodic oscillations
is induced by the FL dynamics or induced indirectly by an
unstable SAF dynamics. However, it is clear that upon re-
ducing the spin torque coupling, i.e., the spin torque acting
on the TL, the nonperiodic oscillations of the FL transform to
stable periodic oscillations, where at the same time the am-
plitudes of the SAF magnetizations decrease. This is demon-
strated in Fig. 5, where the FL and SAF trajectories are
shown for negative current and positive field in the spin-flop
region as a function of the relative spin torque that acts on
the FL and TL. A further consequence here is that for the
material parameters chosen for the diagram in Fig. 3�a�, the
transition of IPP to OPP oscillations in the spin-flop and
saturation regions is masked by unstable trajectories. Reduc-
ing the coupling to the TL, OPP trajectories can be stabi-
lized, as demonstrated by the example of Fig. 5�d�.

5. Consequences for the experiments

An important consequence of nonperiodic oscillations
will be the loss of coherence and thus broadened linewidths
and reduced peak power of the microwave emission lines,
leading finally to emission peaks that are lost in the back-
ground noise. Thus the spin torque coupling between the free
layer and the pinned layer as well as the RKKY coupling
within the SAF structure does provide a mechanism to ex-
plain loss of coherence at higher current and/or field values.
We expect that other coupling mechanisms, such as dynamic
dipolar coupling between the free and the pinned layers, will
have similar effects.

V. FREQUENCY OF THE FL AND SAF EXCITATIONS

While at first sight the periodic IPP and OPP oscillations
of the coupled FL-SAF dynamics reveal the basic features

FIG. 4. �Color online� The minimum value of the mx component
of the TL for IPP oscillations as a function of increasing current
amplitude in the spin-flop region. A clear period-doubling bifurca-
tion from stable to unstable trajectories is observed.

FIG. 5. �Color online� Trajectories for the FL �green�, TL �red�,
and BL �blue� in the spin-flop region at negative current �Happ

=300 kA /m, japp=−5�10−12 A /m2� for different values of the
spin torque prefactor GTL with �a� 0.3, �b� 0.25, �c� 0.2, and �d�
0.15. This variation of GTL corresponds to an effective reduction of
the spin-polarization efficiency 	 �see Eq. �2�� and thus an effective
reduction of the spin torque that acts on the TL.

GUSAKOVA et al. PHYSICAL REVIEW B 79, 104406 �2009�

104406-8



known from the uncoupled FL dynamics6,21–23 as long as the
current is below the “nonperiodic” precession threshold,
there are some marked differences concerning the frequency
dependencies which are discussed in this section. In particu-
lar in the plateau region, which we will focus on, the SAF
can have a substantial influence on the periodic FL dynamics
�positive current� as compared to the uncoupled FL dynam-
ics. Similarly, for the dominant SAF dynamics �negative cur-
rent�, where the TL is excited by spin transfer torque, the
simultaneous excitation of the BL can lead to important
changes in the frequency vs current dependence.

A. FL-IPP and FL-OPP dynamics in the plateau region at japp

�0 and Happ�0

1. Locking of the IPP modes

In the plateau region at low positive field and positive
current amplitudes, an IPP-FL steady state oscillation is ex-
cited, where the FL amplitude dominates over the SAF am-
plitudes �see Fig. 3�c� �v��. Here the frequency reveals a
Kittel-type increase as a function of increasing applied bias
field, as shown in Fig. 6�a� by the dots for japp=0.4 and
0.6�1012 A /m2. This dependence compares well to the fre-
quencies of the uncoupled FL dynamics shown by the dashed
lines in Fig. 6�a�. However, for larger current amplitudes
important changes occur. As can be seen from Fig. 6�a�, for
current values above japp=0.8�1012 A /m2, the frequency
first increases with field, following the uncoupled dispersion
and then reveals around 50 kA/m an abrupt upward fre-
quency jump which can be as large as a few gigahertz. This
jump is associated with a change in the slope from positive
to negative and a relatively flat frequency-field dispersion. At
larger fields, toward 100 kA/m, the frequency seems to re-
cover the uncoupled f vs Happ dispersion curve. Above the
spin-flop field HSF

+ =112 kA /m the FL dynamics vanishes.
It is noted that the field value at which the jump occurs

increases slightly with increasing current and that it is well
below the spin-flop field and therefore not associated to the
spin flop. However, it can be related to the SAF dynamics
which is excited due to the mutual spin torque between the
FL and the TL-SAF. Namely, when looking closer at the FL
and SAF trajectories, it is found that the FL precession am-
plitude reduces significantly at the jump while the ampli-
tudes of the SAF layers increase �see Figs. 6�b�, 6�c�, and
6�e��. This change in amplitudes is associated with an overall
decrease in total energy �averaged over one precession pe-
riod� �see Fig. 6�d��, for which the average free layer energy
decreases while the average SAF energy increases slightly.
At first sight, it might be surprising that an upward frequency
jump is associated with a reduction in energy. However, this
is a general feature of IPP oscillations well known from the
uncoupled FL dynamics. This results from the negative non-
linear frequency shift coefficient6,33 and expresses the fact
that the frequency decreases upon increasing precession am-
plitude and thus upon increasing average precession energy.

The frequency jump is interpreted in the following way.
The spin transfer torque acting on the TL magnetization sta-
bilizes an antiparallel orientation between the TL magnetiza-
tion with respect to the FL magnetization direction. On the

other hand, due to the spin current-induced steady state
IPP-FL oscillations, the varying FL magnetization orienta-
tion acts via the spin transfer torque as an external pumping
for the TL magnetization, which is forced to periodically
follow the FL motion in a nonresonant manner in order to
maintain an antiparallel alignment. When the external pump-
ing frequency �i.e., the IPP-FL steady state frequency� coin-
cides with the SAF eigenmode frequency, resonance excita-
tion of the SAF occurs. This results in an important increase
of the SAF precession amplitude as shown in Figs. 6�c� and
6�e� and a strongly coupled oscillation between the FL and
the SAF magnetizations, where the FL frequency seems to
lock onto the SAF frequency which is close to its ferromag-
netic resonance �FMR� frequency.

In order to substantiate this hypothesis we have plotted in
Fig. 6�a� the FMR frequency-field dispersion of the SAF

(a)

(b)

(c)

(d)

trajectories
before jump

Happ=50 kA/m
japp=0.8×1012 A/m2

trajectories
after jump

Happ=60 kA/m
japp=0.8×1012 A/m2

(e)
japp=0.8×1012A/m2

FIG. 6. �Color online� �a� IPP frequencies of the FL as a func-
tion of applied field. The dashed lines correspond to the frequency
dependence calculated for the uncoupled FL excitations with fixed
polarizer. The dark solid lines correspond to FMR-FL frequencies �f
increasing with Happ� and FMR-SAF frequencies �f decreasing with
Happ�. Inset: Schematics of the mode repulsion for the FL frequency
“locking” to the FMR-SAF frequency. �b� FL amplitude as a func-
tion of applied field. �c� BL and TL amplitudes as a function of
applied field. �d� Average total energy as a function of applied field.
�e� Dynamic trajectories of the FL/TL/BL before and after the fre-
quency jump for field and current values as given on the figure.
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which intersects the FL steady state dispersion of a given
current at a field value that is close to the jump. The negative
slope of the f vs H dispersion of the SAF is due to the fact
that here the TL is antiparallel to the applied field �see lower
branch in Fig. 1�c� in the plateau region and also Sec. V B�.
In analogy to the mode crossing and mode repulsion in linear
dynamics,34 it seems that at the intersection of both disper-
sion curves, a splitting occurs which is schematically indi-
cated in the inset of Fig. 6�a�. Below the jump �upon increas-
ing field� the system locks onto the FL dominated branch, but
jumps onto the strongly coupled FL-SAF branch at some
critical-field value due to the resonant excitation of the SAF.
At higher field values the SAF goes off resonance again and
the dynamics recovers the branch dominated by the FL dy-
namics. We note that this locking bears some resemblance to
the spin transfer driven two-mode oscillator described in Ref.
35.

2. Locking of the OPP modes

This locking of the FL dynamics due to a resonant exci-
tation of the SAF can also be clearly seen when plotting the
frequency-current relation which is shown in Figs. 7�a� and
7�b� for both the IPP and OPP excitations of the coupled
system �dots�. For a field value for instance of 70 kA/m, the
IPP-FL frequency first decreases for increasing current and
then saturates at a value of 6.5 GHz �cf. also Fig. 6�a��. For
this field value, the OPP dynamics is not affected, where f
increases with current. On the contrary, for lower field values
such as 40 kA/m, a clear saturation of the OPP frequency can
be seen over a relatively large current range �blue dots of
Fig. 7�a��. For comparison, the horizontal dashed lines in
Fig. 7�a� give the SAF-FMR frequencies for the two field
values which compare well to the frequency range where the
IPP and OPP frequencies saturate. Although the actual lock-
ing frequency f lock is lower than the pure SAF-FMR fre-
quency, from the inset in Fig. 7�a� it can be seen that the
locking frequency �dots� follows the SAF-FMR dependence
�full line� decreasing with Happ. Thus, when the SAF-FMR
frequency cuts the IPP or OPP branch, locking of the FL onto
the SAF dynamics occurs over a given current range due to
resonant excitation of the SAF. This locking range is hyster-
etic in current, as indicated in Fig. 7�a� for Happ=40 kA /m,
where it can be seen that upon increasing current �full dots�
the FL dynamics remains locked to the SAF dynamics over a
much larger range than upon decreasing current �open dots�.

As in the case of the IPP locking shown in Figs. 6, 7�b�,
and 7�c� �right�, the frequency locking of the OPP excitations
is associated with a change in precession amplitudes and a
reduction in the average total energy, as shown in Figs. 7�b�
and 7�c� �left� for Happ=40 kA /m. In the locking range, the
total average energy of the OPP excitations saturates and
makes an abrupt upward jump to higher values once the SAF
goes off resonance at larger current �above 3�1012 A /m2 in
Fig. 7�c��. Furthermore, in the locking range the SAF ampli-
tudes strongly increase �see Fig. 7�b� �left��, while the FL
amplitude of the OPP oscillation is reduced �not shown
here�, meaning that the OPP oscillation is characterized by a
much reduced average out-of-plane mz component �see Fig.
7�d� �left��. When the SAF goes off resonance, the FL recov-

ers its full amplitude, with a relatively strong mz component.
When this happens, the SAF amplitudes reduce �see Fig. 7�d�
�right��, but more interestingly, the magnetizations of the TL
and BL rotate in plane and away from the 0° /180° orienta-
tion. This rotation is similar to the rotation observed for a
perpendicular polarizer,36 where in the situation discussed
here, the strong out-of-plane component of the FL-OPP
mode acts almost like a perpendicular polarizer for the planar
SAF.

3. Hysteresis

The occurrence of a hysteresis in Fig. 7�a� deserves a few
comments. Hysteretic behavior between a static and a dy-
namic state has been found theoretically36 and
experimentally.37 Another theoretical description38 treats the
hysteresis between a localized and extended spin-wave mode
of a nanocontact, where for increasing current the system
remains “blocked” in the extended mode, while for decreas-

(d)

(b)

(c)

Happ (kA/m)

IPP

OPP

40
70

}

(a)

Happ=40 kA/m
japp=3.2×1012 A/m2

Happ=40 kA/m
japp=1.8×1012 A/m2

FIG. 7. �Color online� �a� IPP and OPP FL frequencies as a
function of applied current in the plateau region. �b� BL and TL
amplitudes vs current. �c� FL average energy vs current. �d� Typical
FL OPP trajectories for low- and high-frequency modes. Inset in �a�
shows the locking frequency f lock in comparison to the SAF-FMR
frequency.
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ing current the localized mode prevails, which is considered
as the actual eigenmode for the given external conditions
�field, current�. In this context the hysteresis between the
FL-SAF coupled oscillation and the FL dominated oscillation
can be considered similar, where the coupled mode is
blocked in a low energy state upon increasing current even
though the frequencies of the FL and the FMR-SAF modes
are quite different. A relatively large current is required for
the system to transit from the FL-SAF coupled oscillation to
the uncoupled FL oscillation. Upon decreasing the current
again, the current value has to be decreased beyond the value
of this transition before the FL will lock onto the SAF-FMR
excitation, most likely since the uncoupled FL oscillation is
the actual eigenmode in this given current range.

4. Output signal

As a final point on the coupled IPP-FL dynamics we want
to make the following comment which is relevant for experi-
ments. The output signal measured on a spectrum analyzer is
usually considered to be proportional to the FL precession
amplitude projected on a fixed reference axis. For the un-
coupled case, this is the pinned SAF-TL orientation, which is
along the negative X axis in the plateau region �see Fig. 1�.
Outside the FL locking range, this is a good approximation,
as shown in Fig. 8�a� where the amplitude of the mx compo-
nent �full squares� is given as a function of the applied field
for a low current value of japp=0.4�1012 A /m2. In this
case, the magnetoresistance �MR� signal decreases with field,
since a stronger field stiffens the motion and thus reduces the
precession amplitude of the IPP mode. For a current value of
1.0�1012 A /m2, the projection onto the X axis, i.e., the mx
component, also first decreases, but shows a strong down-
ward jump when the SAF resonance sets in �cf. Figs. 6�b�
and 6�d�. However, due to the increased oscillation ampli-
tude of the TL, the projection onto the X axis is not the
relevant parameter for the measured MR signal. Instead one
has to consider the scalar product of the FL and TL magne-

tizations �mTL·mFL�. As can be seen in Fig. 8�b�, this scalar
product is much larger than the projection onto the X axis
since both the FL and the TL have relatively large oscillation
amplitudes that are out of phase. Thus due to the TL oscilla-
tion, the total MR signal is enhanced and as a result the total
jump in the output signal is much smaller. In consequence
the overall change in amplitude remains moderate despite the
strong actual change in the FL precession amplitude. This
example shows that one has to be careful when trying to
extract the FL precession amplitude from the measured out-
put signal.

5. Conclusion

To conclude on this section of the FL dynamics in the
plateau region for positive current and positive field, one can
say that the mutual spin torque interaction between the FL
and the TL leads in a given field and current range to a
resonant excitation of the SAF which results in a locking of
the FL frequency onto the SAF-FMR frequency. This is a
clear manifestation that the mutual spin torque interaction
plays a role for the FL dynamics. Quite generally such a
dynamic interaction due to spin torque but also any other
dynamic interaction �e.g., dipolar coupling� might provide a
mechanism for observed frequency jumps in
experiments8,9,11,39,40 that have not been explained satisfacto-
rily in a number of cases. Furthermore, in the locking range
for the strongly coupled oscillations, the measured output
signal can no more be related in a simple way to the FL
precession amplitude, since here the signal is given by the
scalar product of the FL and TL motions.

B. SAF dynamics at japp�0 in the plateau region

1. SAF trajectories

At negative current and for fields in the plateau region
�−Han�Happ�HSF� the SAF dominates the dynamics of the
periodic oscillations �cf. diagram in Fig. 3�a��. Here the BL
and TL oscillate around, correspondingly, the positive and
negative X-axis directions. This is an acoustic-type oscilla-
tion, where along one oscillation period the magnetizations
of both layers are “in phase” along the Z direction, meaning
that they have the same sign when they reach the maximum
out-of-plane excursion. In contrast to this, for the in-plane
excursion they are “out of phase,” meaning that they have
opposite signs in the Y direction. This is due to the RKKY
coupling, which tries to keep the TL and BL antiparallel
along the precession trajectory.

2. Locking of the SAF dynamics

The frequency-field dispersion values are shown in Fig.
9�a� for different current values. As can be seen, the field
dependence follows the FMR relation with a frequency
downshift upon increasing field. This decrease is due to the
fact that here the low-frequency SAF branch is observed,
compare acoustic branch in Fig. 1�c�, for which the antipar-
allel alignment of the TL with respect to the applied field
determines the frequency. Since here the applied field op-

FIG. 8. �Color online� The calculated MR value as a function of
applied field, estimated using either the projection of the free layer
magnetization on the X axis �open dots� or the scalar product be-
tween the free layer and top layer magnetization �mFL·mTL� �full
dots�: �a� for low current without frequency locking and �b� for
larger current with frequency locking �cf. Fig. 6�a��.
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poses the internal field, the frequency goes “soft” �i.e., to
zero� at the spin-flop field.

Similarly to the abrupt jumps observed for the FL domi-
nated steady state oscillations in Fig. 6�a�, the SAF domi-
nated oscillations also show at larger current values an
abrupt jump of a few gigahertz, which in this case is shifted
downward. This downward jump is explained in analogy as a
resonance excitation of the “polarizing” FL, where the SAF
excitations lock over a small field range onto the FL-FMR
dynamics �see inset in Fig. 9�a��. The corresponding FL-
FMR dispersion is shown in Fig. 9�a�, where it can be seen
that the jumps occur at the crossing of the FL-FMR frequen-
cies with the SAF excitation frequencies. Note that the jumps
are absent for the uncoupled SAF dynamics �no spin torque
on the FL�, as shown in Fig. 9�b�.

3. Blueshift of IPP modes

Besides the resonant excitation of the FL induced by the
SAF steady state oscillations, there is another noticeable fea-

ture that is independent of the coupling between the TL and
the FL. From Figs. 9�a� and 9�b� it can be seen that for
increasing field, the frequencies at different current values
cross more or less around Happ=90 kA /m. As a conse-
quence, while at low fields the frequency as a function of
current is shifted to lower frequencies �redshift� as expected
for IPP oscillations, it is shifted to higher frequencies �blue-
shift� for fields above 90 kA/m �see Fig. 10�a��. The fact that
this occurs for the coupled and uncoupled SAF dynamics
�see Figs. 9�a� and 9�b�� means that this crossover is an in-
trinsic feature of the spin transfer driven large amplitude
SAF dynamics and not an effect of the mutual spin torque
coupling. Interestingly this crossing and change from red-

FIG. 9. �Color online� IPP frequency vs applied field for the
dominant SAF excitations in the plateau region and for different
values of the applied current as indicated on the figures for �a� the
spin torque coupled system and �b� for the uncoupled SAF oscilla-
tions. The dark solid lines correspond to the FMR-FL and the FMR-
SAF frequencies. Inset in �a�: Schematics of the mode repulsion for
the SAF frequency “locking” to the FMR-FL frequency.

Happ=20 kA/m japp=-2.0×1012 A/m2

Happ=100 kA/m japp=-2.0×1012 A/m2

frequency decreases with current

frequency increases with current

(a)

(b)

FIG. 10. �Color online� �a� IPP frequencies as a function of
applied current for the dominant SAF excitations in the plateau
region and for three different values of the applied field as indicated
on the figure. �b� Typical trajectories and time evolution of the mz

component of the BL and TL magnetization for the spin torque
driven IPP trajectories in the frequency redshift regime �upper
panel� and in the frequency blueshift regime �lower panel�.
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shift to blueshift have recently been observed in our
experiments.20

In order to explain this we would like to note the follow-
ing. Contrary to the field dependence of the FL, in the case
of the SAF the applied field counteracts the RKKY coupling
and thus reduces the effective internal field for the TL. This
results in a decrease of the precession frequency as a func-
tion of increasing applied field, accompanied by an increase
in precession amplitude as is typical for IPP trajectories.
Similarly, upon increasing the current at low or zero-bias
field, the precession amplitude increases, resulting in a de-
crease in frequency. Upon increasing both field and current,
which both act so as to increase the precession amplitude,
there seems to exist an upper limit of the precession ampli-
tude imposed by the RKKY coupling. This is shown by the
comparison of the two trajectories in Fig. 10�b� for low and
large field values at japp=−2�1012 A /m2. In Fig. 10�b� this
is more quantified by plotting the time evolution of the mz
component. While for low field �current� the mz component
is more or less sinusoidal, at larger field the mz component is
reduced, which leads to a “flattened” trajectory. This reduc-
tion in the mz component is attributed to the following. As
indicated above, the TL and BL are in-phase along the Z
direction. For large precession amplitudes the TL and BL
magnetizations come thus relatively close at their respective
maximum mz value. This results in a relatively strong RKKY
interaction energy. In order to minimize this energy, the mz
component does not fully develop and the trajectory flattens.
In addition, the BL develops some modulation of the mz
component �see Fig. 10�b��. One might suggest that the flat-
tened mz component reduces the total length of the preces-
sion trajectory which in turn results in an increase of the
precession frequency. Thus the precise balance between the
different torques acting along the precession trajectory of a
large amplitude SAF oscillation results in a gradual change
from redshift to blueshift of the frequency vs current or
equivalently to the crossing of the f vs Happ dispersions
shown in Fig. 9.

C. Dynamics outside the plateau region

In this section, we summarize briefly the frequency de-
pendence of other parts of the current-field diagram. As al-
ready described in Sec. IV, the spin-flop region and the satu-
ration region are characterized by large areas of nonperiodic
trajectories, so that the dynamics cannot be followed over
large current or field values for the simulation parameters
chosen here. It is only noted here that at positive field in the
spin-flop region the frequency vs current amplitude de-
creases as expected for an IPP oscillation. This is true for the
SAF dominated �japp�0� and FL dominated �japp�0� oscil-
lations. The f vs japp dispersion is indicated in the inset of
Fig. 11�b� for the SAF case. Another point of interest for the
SAF dominated oscillations is that the frequency vs field
follows the FMR dispersion, as shown in Fig. 11 �cf. Fig.
1�c�� across the spin-flop and saturation regions. However,
the applied field where the frequency goes to zero appears to
be shifted to lower values as compared to the saturation field.

Following the FL dynamics in negative field and negative
current reveals only in the plateau region typical IPP behav-

ior with a f vs Happ dependence that is Kittel type �f increas-
ing with Happ, but lower than the FMR frequency� and fre-
quency redshift vs current. Following this excitation into the
spin flop or saturation region was difficult due to the devel-
opment of nonperiodic oscillations.

VI. SUMMARY

In this paper we have discussed the spin-polarized current
driven microwave excitations for a coupled magnetic layer
system that consists of a free layer and an RKKY coupled
synthetic antiferromagnetic pinned layer. Due to spin transfer
torque both the free layer and the SAF pinned layer can be
excited. For this system we first have derived the state dia-
gram analytically as well as by numerical solution in a mac-
rospin approach. The shape of the diagram bears resem-
blance to the uncoupled free layer dynamics and its
modifications are closely linked to the reorientation of the
SAF layers magnetization as a function of applied field
throughout the spin-flop and saturation regions. While all
three magnetic layers are excited simultaneously once the
current is larger than a critical current, dominant free layer or
SAF excitations can be identified in given current and field
regions. For low current values close to the critical current,
the dynamic states are stable periodic oscillations. For larger
current amplitudes unstable �nonperiodic� oscillations do ex-
ist. In special situations a clear period-doubling route from
stable to unstable trajectories was identified. Such unstable
trajectories are a consequence of the RKKY and/or spin
torque coupling and do not appear for a single magnetic
layer. They are a likely source of linewidth broadening in the
experiment and vanishing of microwave emission peaks un-
der large currents. Another clear consequence of the mutual
spin torque interaction between the free layer and the SAF
pinned is the locking of the current-induced steady state ex-
citations of one layer onto the FMR frequencies of the other
layer. This occurs whenever the FMR frequency dispersion
�as a function of current or field� of for instance the SAF
crosses the frequency dispersion of the large-angle current
driven excitations of the free layer �and vice versa�. At this
crossing jumps in the frequency dispersion occur and the
frequency evolution resembles the mode repulsion of linear
spin-wave dynamics. We note that we believe that these two
effects �nonperiodic trajectories and frequency locking� are

FIG. 11. �a� SAF IPP frequencies for applied fields in the spin-
flop region and the saturation region for two different values of the
applied current as indicated on the figure. �b� SAF IPP frequencies
as a function of the applied current for a field value that corresponds
to the spin-flop region.
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not particular to the mutual spin torque interaction but should
also be observed for other types of dynamic interactions such
as dipolar coupling. Finally, for the spin current driven exci-
tations of the SAF layers a clear difference as compared to
the FL dynamics has been found in the plateau field region.
This difference is independent of the mutual spin torque cou-
pling between the FL and the SAF and is thus attributed to
the large-angle current driven dynamics of the SAF structure.
As in the case of a single free layer, at low field an IPP is
excited where the TL and BL precess around their respective
static in-plane equilibrium position. For low applied fields
the frequency decreases �redshift� upon increasing current as
is typical for IPP modes. However, upon increasing applied
field, the frequency redshift of the IPP mode goes over into a
frequency blueshift �frequency increases with current�, while
the precession character of the IPP mode does not change.
We attribute this to the RKKY coupling between the TL and
BL of the SAF that reduces the out-of-plane magnetization
component of the IPP trajectories and thus increases the pre-
cession frequency. While the latter effect has recently been
observed in our experiments, it will be of interest to also
confirm the frequency locking due to mutual spin torque �or
dynamic dipolar� interaction. Finally it is noted that in the
simulations so far only the equivalent of the low-frequency
acoustic branch �see Fig. 1�a�� has been found.
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APPENDIX A

1. Energy density of the SAF

Consider two ferromagnetic layers with normalized mag-
netization vectors mBL and mTL coupled antiferromagneti-
cally via the nonmagnetic spacer. Both layers have uniaxial
anisotropy and the mBL is exchanged biased by an antiferro-
magnet. The equilibrium configuration is determined by
minimizing the total free energy per unit area 
. In our case
the energy per unit area is written as a sum of Zeeman �ap-
plied field Happ�, anisotropy, demagnetizing, exchange bias,
and RKKY energy terms �for notations, see the text�


 = 
Zeem + 
an + 
d + 
ex + 
RKKY,

where


Zeem = − �0MS�BL�dBLmx�BL�Happ − �0MS�TL�dTLmx�TL�Happ,


an = const − KBLdBLmx�BL�
2 − KTLdTLmx�TL�

2 ,


d = 0.5�0MS�BL�
2 dBLmBLN̂BLmBL

+ 0.5�0MS�TL�
2 dTLmTLN̂TLmTL,


ex = − �0MS�BL�dBLmx�BL�Hex,


RKKY = − JRKKYmBLmTL.

Here KBL and KTL are the uniaxial magnetocrystalline aniso-
tropy constants of the BL and TL, respectively. In our calcu-
lations the anisotropy constant represents a small magneto-
crystalline anisotropy and the shape anisotropy which is
taken into account explicitly via the shape demagnetization
factors. Thus the total anisotropy constant is given by

BBL,TL = KBL,TL −
�0MS�BL,TL�

2

2
�Nx�BL,TL� − Ny�BL,TL�� ,

and the corresponding in-plane anisotropy fields are given by
Han=2B / ��0MS� with Nx and Ny the in-plane demagnetizing
factors. The out-of-plane demagnetizing fields are given by
Hd=MSNz, with Nz out-of-plane demagnetizing factor.

The RKKY coupling field is defined as HRKKY
= �JRKKY� / �0MS�TL�dTL.

2. Spin-flop and saturation fields

At zero applied current, mBL and mTL stay in plane. The
zero current expressions for the spin-flop and saturation criti-
cal fields are

HSF
� =

1

2�0
2MS�BL�MS�TL�dBLdTL

��0�JRKKY��MS�BL�dBL

− MS�TL�dTL� + dBLdTL�2�0�BTLMS�BL� − BBLMS�TL��

− Hex�0
2MS�BL�MS�TL�	 � �JRKKY

2 �0
2�MS�BL�dBL

− MS�TL�dTL�2 + �0
2dBL

2 dTL
2 �2�BBLMS�TL� + BTLMS�BL��

+ Hex�0MS�BL�MS�TL�	2

+ 2�JRKKY��0
2dBLdTL�MS�BL�dBL + MS�TL�dTL�

��2�BBLMS�TL� + BTLMS�BL��

+ Hex�0MS�BL�MS�TL�	�1/2� , �A1�

Hsat
� = �

1

2�0
2MS�BL�MS�TL�dBLdTL

��0�JRKKY��MS�BL�dBL

+ MS�TL�dTL� − dBLdTL�2�0�BTLMS�BL�

+ BBLMS�TL��	 � Hex�0
2MS�BL�MS�TL�

+ �JRKKY
2 �0

2�MS�BL�dBL + MS�TL�dTL�2

+ �0
2dBL

2 dTL
2 �2�BBLMS�TL�

− BTLMS�BL�� � Hex�0MS�BL�MS�TL�	2

+ 2�JRKKY��0
2dBLdTL�MS�BL�dBL − MS�TL�dTL�

��2�BBLMS�TL�

− BTLMS�BL�� � Hex�0MS�BL�MS�TL�	�1/2� . �A2�
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APPENDIX B: LINEARIZATION OF LLGS FOR TL OF
SAF IN THE LOCAL COORDINATE SYSTEM

(X� ,Y� ,Z)

For positive applied field and the case of parallel align-
ment of the FL magnetization with the X axis the transverse
components my� and mz� are given to first order �neglecting
terms in �2� by

dmy�

dt
= �− 1�n+1�mz��Hd + �Happ + �− 1�nHan�cos �TL

− HRKKY cos��TL + �BL�	

+ ��− 1�n+1dmz�

dt
+ �− 1�n�jappG�	,
�my� cos �TL + f1,

dmz�

dt
= �− 1�n��my� cos �TL�Happ + �− 1�nHan�

− my�HRKKY cos��TL + �BL�	

+ ��− 1�ndmy�

dt
+ �− 1�n�jappG�	,
�mz� cos �TL + f2.

�B1�

Here, �mx��=1 and n=0 when mx� is parallel to the X� axis
while n=1 when mx� is antiparallel to the X� axis.

The free terms

f1 = − �jappG�	,
�sin �TL

and

f2 = �− 1�n+1�sin �TL�Happ + �− 1�nHan�

− HRKKY sin��TL + �BL�	

do not depend on my� or mz�.
For three field regions the initial conditions read n=0,

�TL=0, �BL=0, X=X�, Y =Y�, p= �1,0 ,0� for saturation re-
gion, n=1, �TL=�, �BL=0, X=X�, Y =Y�, p= �1,0 ,0� for
plateau region, and n=0, p= �cos �TL, sin �TL,0� for spin-
flop region.

The linearization of LLGS is exact for the case of small
�or close to �� in-plane angles between m and p, as in the
plateau and the saturation regions. In contrast, in the spin-
flop region the noncollinear angles between m and p result in
a small out-of-plane component for the TL magnetization
which is neglected in the analytical estimation of the stability
�Sec. II�. Numerical integration of LLGS confirms that the
out-of-plane component of any layers magnetization �mz�
does not exceed 0.02 for applied currents below the thresh-
old current.

APPENDIX C

Coefficients of the critical current �Eq. �6�� for the com-
pensated case

a =
KTLdTL

�JRKKY� − KTLdTL
,

b =
2KTL

�0MS�TL�
,

c =
��JRKKY� − KTLdTL���0MS�TL�

2 dTL + 2�JRKKY��

�0
2MS�TL�

2 dTL
2 .
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